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Abstract 

The paper analyses a model in surface growth, where uniqueness of 
weak solutions seems to be out of reach. We provide the existence of 
a weak martingale solution satisfying energy inequalities and having the 
Markov property. Furthermore, under non-degeneracy conditions on the 
noise, we establish that any such solution is strong Feller and has a unique 
invariant measure. 
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1 Introduction 

The paper deals with a model arising in the theory of growth of surfaces, where 
an amorphous material is deposited in high vacuum on an initially flat surface. 
Details on this model can be found in Raible et al. |2S1, [2^1 or Siegert & Plischke 
|28j . After rescaling the equation reads 

^ hxxxx ^xx ^ {h^^xx ^~ V (-^■-^) 

with periodic boundary conditions on the interval [0,L], where the noise rj is 
white in space and time. 

Periodic boundary conditions are the standard condition in these models. 
Sometimes the model has been considered also on the whole real line, even 
though we do not examine this case. We remark that from a mathematical 
point of view Neumann or Dirichlet boundary conditions are quite similar for 
the problem studied here. The key point ensured by any of these boundary 
conditions is that there is a suitable cancellation in the non-linearity, namely 

L 

h {hl)xx dx = 0, 

which is the main (and only) ingredient to derive useful a-priori estimates. 
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The main terms are the dominant Unear operator, and the quadratic non- 
linearity. The hnear instabiUty —hxx, which leads to the formation of hills, is 
sometimes neglected (as we shall do in the analysis of the long time behaviour 
in Section EJ. 

For general surveys on surface growth processes and molecular beam epitaxy 
see Barabasi & Stanley ^ or Halpin-Healy & Zhang 20 . Recently the equation 
has also become a model for ion-sputtering, too, where a surface is eroded by a 
ion-beam, see Cuerno & Barabasi Castro et al. 0- 

Sometimes one adds to the model an additional non- linear term —h^ of 
Kuramoto-Sivashinsky type, but in the present form the equation is mass con- 
serving (i.e. h(t,x) dx = 0), as ft is the height subject to a moving frame, 
where the mean growth of the surface is scaled away. 

Known results on the model 

Before stating the main results of the paper, we give a short account of the 
previously known results concerning both the deterministic and the stochastic 
version of the model. 

> If ?7 = then the equation has an absorbing set in L^, although the solution 
may not be unique. (Stein & Winkler |2H|). 

t> There exists a unique local solution in LP{[Q,t), H^) n C^{(Q,t), H^) for 
initial conditions in H'' with s > 1 — - and p > 8 (see Blomker & Gugg 

0). 

t> There are stationary solutions, which can be constructed as limit points 
of stationary solutions of Galerkin approximations (see Blomker & Hairer 

El)- 

There are weak martingale solutions by means of Galerkin approximation 
(see Blomker, Gugg, Raible [Hlini)- 

The main problem of the model, which is shared by both the deterministic and 
the stochastic approach, is the lack of uniqueness for weak solutions. This is very 
similar to the celebrated Navier-Stokes equation. With this problem in mind, 
a possible approach to analyse the model is to look for solutions with special 
properties, possibly with a physical meaning, such as the balance of energy - 
we shall often refer to it as energy inequality - or the Markov property. 

Main results 

Here we use the method developed by Flandoli & Romito ^j, JHI and ^H] in 
order to establish the existence of weak solutions having the Markov property. 
For the precise formulation of the concept of solution see Definitions 12.21 and 

The method is essentially based on showing a multi-valued version of the 
Markov property for sets of solutions and then applying a clever selection prin- 
ciple (Theorem lOJ- The original idea is due to Krylov [221 (^^^ also Stroock & 
Varadhan 30, Chapter 12]). 

A key point in this analysis is the definition of weak martingale solutions. 
The above described procedure needs to handle solutions which incorporate 
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all the necessary bounds on the size of the process (solution to the SPDE) in 
different norms. These bounds must be compatible with the underlying Markov 
structure. This justifies the extensive study of the energy inequality in Section 

m 

Once the existence of at least one Markov family of solutions is ensured, the 
analysis of such solutions goes further. Indeed, the selection principle provides a 
family of solutions whose dependence with respect to the initial conditions is just 
measurability. By slightly restricting the set of initial condition, this dependence 
can be improved to continuity in the total variation norm (or strong Feller in 
terms of the corresponding transition semigroup). In few words, we show that 
the smaller space -ffpg^ (^^^ next section for its precise definition) is the natural 
framework for the stochastic model. 

Our last main result concerns the long time behaviour of the model. We are 
able to show that any Markov solution has a unique invariant measure whose 
support covers the whole state space. In principle the existence of stationary 
states has been already proved by Blomker & Hairer 0]. Their result are not 
useful in this framework, as we have a transition semigroup that depends on the 
generic selection under analysis and in general^ is not obtained by a suitable 
limit of Galerkin approximations. In this way, our results are more powerful, 
as they apply to every Markov solution. The price to pay is that the proof of 
existence of an invariant measure is painfully long and technical (see Section|21l. 

We finally remark that, even though we know by these results that every 
Markov solution is strong Feller and converges to its own invariant measure, well 
posedness is still an open problem for this model and these result essentially do 
not improve our knowledge on the problem. Even the invariant measures are 
different, as they depend from different Markov semigroups. 

A comparison with previous results on the Markov property 

There are several mathematical interests in this model, in comparison with the 
theory developed in Flandoli & Romito JTj, and ^21 for the Navier-Stokes 
equations. Essentially, in this model we have been able to find the natural space 
for the Markov dynamics, thus showing the existence of the (unique) invariant 
measure. This is still open, in the framework of Markov selections, for the 
Navier-Stokes equations. 

Another challenge of this model has concerned the analysis of the energy 
inequality. Here the physics of the model requires a noise white in time and 
space, while the analysis developed in the above cited papers has been based on 
a trace-class noise with quite regular trajectories. 

Finally, we remark that there is a different approach to handle the existence 
of solutions with the Markov property, based on spectral Galerkin methods, 
which has been developed by Da Prato & Debussche |2] (see also Debussche & 
Odasso 521) for the Navier-Stokes equations (no result with these techniques 
is known on the model analysed in this paper). Their methods are similar to 

iniEiEi. 

Unless the problem is well-posed! 
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Layout of the paper 

The paper is organised as follows. In Section[21we state the martingale problem 
and define weak and energy solutions. We also give a few restatements of the 
energy balance. We next show in Section |3| that there is at least one family of 
energy solutions with the Markov property. In Section0]we show that the tran- 
sition semigroup associated to any such solution has the strong Feller property. 
Existence and uniqueness of the invariant measure is then shown in Section |5| 
Finally, Sections El and contain a few technical results that are used along 
the paper. They have been confined in the last part of the paper to ease the 
reader from such details and focus on the main topics. 

2 The martingale problem 

2.1 Notations and assumptions 

Let 2?°° be the space of infinitely differentiable L-periodic functions on R with 
zero mean in [0, L]. We work with periodic boundary conditions on [0, L] and 
mean zero and we define 

Ller = {heL^{0,L): [ h{x)dx = 0}. 
Jo 

the spaces Hp^^, H^^^, etc. are defined similarly (see for example [S] Section 2]). 

Let A be the operator on LL^. subject to periodic boundary conditions. 
The leading linear operator in is ^4 = — A^. Let (efe)fegN be the or- 

thonormal basis of Lp^^ given by the trigonometric functions and let be the 
eigenvalues of A such that 

Ack = XkGk- 

Notice that ^ — fc*. 

Let Q : L^^^ L'^er be a bounded linear operator such that 

Qek = afeCfc, fc e N, 

so that Q is non-negative self-adjoint operator. This is sufficient to model all 
kinds of spatially homogeneous Gaussian noise rj such that 

E7y(f, x) = and ^ri{t,x)Kr]{s^y) — 5{t ~ s)q{x — y) 

where q is the the spatial correlation function (or distribution). Now Q = q*, 
which is the convolution operator with q. For details see Blomker |2] and the 
references therein. 

In a formal way we can rewrite Hl.l|l as an abstract stochastic evolution 
equation 

dh = {Ah - Ah + B{h, h))dt + dW, 

where is a suitable Q- Wiener process (for details see (|2.2|l ^. and B{u,v) — 
-A{dxU ■ dxv). 
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2.1.1 The underlying probability structure 

Let n ~ C([0, oo);Hp^) and let B be the cr-algebra of Borel subsets of il. Let 
^ : n ^ HpJ^ be the canonical process on il, defined as ^{t,oj) = uj{t). 

For each t > 0, let Bt = cr[£.is) ■ < s < i] be the cr-field of events up 
to time t and B* = cr[^(s) : s > t] be the cr-field of events after time t. The 
CT-field Bt can be seen as the Borel cr-field of fit — C{[0,t]; H~^) and, similarly, 

as the Borel ct- field of fit = C{[t, oo]; H^J^). Notice that both fit and fi* can 
be seen as Borel subsets of (by restriction to corresponding sub-intervals). 
Define finally the forward shift $t : — * £7*, defined as 

<^t{L0){s) ^ LU{S -t), S>t. (2.1) 

Given a probability measure P on {fl,B) and t > 0, we shall denote by 
a;i">P|g ^f2*a regular conditional probability distribution of P given 

Bt"^. In particular, P\%^[uj' : ^{t,Lu') = uj(t)] = 1 and, if A e Bt and B G B\ 
then 

P[AnB] = [ P\%^[B]P{dLj). 

J A 

One can see the probability measures {P\gjujen as measures on ft such that 
P|g [oj' E ft : u!'{s) = u!{s), for all s G [0,t]] = 1 for all uj in a St-measurable 
P-fuU set. We finally define the reconstruction of probability measures (details 
on this can be found in Stroock & Varadhan 30, Chapter 6]). 

Definition 2.1. Given a probability measure P on {fl,B), t > and a Bt- 
measurable map Q : fl ^ Pr(ri*) such that Qui[^t = <^it)] = 1 for all w G il, 
P (i)t Q is the unique probability measure on {Q, B) such that 

1. P ®tQ agrees with P on Bt, 

2. (Qw)c^eo is a regular conditional probability distribution of Q, given 
Bt. 

2.2 Solutions to the martingale problem 

Definition 2.2 (weak martingale solution). Given fiQ G Pr(Lpg^), a prob- 
ability measure P on {fl,B) is a solution, starting at /ip, to the martingale 
problem associated to equation 1)1.1(1 if 

[Wl] P[iL([0,oo);i?i,J] = 1, 

[W2] for every ip G V°° , the process {M^ ,Bt, P)t>Q, defined P-a. s. on (fl^B) 
as 

*^t^ = (^(i) - ^(0),"^) + / (C(s),'^x2;a;a; + (^Sxx) C^S - / {{£_x{s))'^,ifx^)ds 

Jo Jo 
is a Brownian motion with variance t|Q2(y9|^2, 
[W3] the marginal at time of P is /io 

^Notice that £7 is a Polish space and Bt is countably generated, so a regular conditional 
probability distribution does exist and is unique, up to P-nuU sets. 
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Remark 2.3. It is not difficult to prove that the definition of wealc martingale 
solution given above coincides with the usual definition given in terms of ex- 
istence of an underlying probability space and a Wiener process. This same 
equivalence is proved in Flandoli [El for the Navier-Stokes equations and one 
can proceed similarly in this case. 

Define, for every fc G N, the process /3k{t) — -^M^'' (and = if = 
0). Under any weak martingale solution P, the (/3fe)fegN sue a sequence of 
independent onc-dimcnsional standard Brownian motions. 

Similarly, the process 

VF(t) = ^afe/?fe(i)efc (2.2) 
is, under any weak martingale solution P, a Q- Wiener process and the process'^ 

Zit) - ^ afe / e(*-^)^'= dpkis)ek (2.3) 
ke-N 

is the associated Ornstein-Uhlenbeck process starting at 0. The sum above has 
to be understood as the limit in 1/^(0), and we know that, under any weak 
martingale solution, it converges. 

Notice that, obviously, Z and W are random variables on fi. We state a first 
regularity result for Z, that we shall use in the definition below. 

Lemma 2.4. Given a weak martingale solution P, then for every T > Q, p>\, 
and s e [0,3/2) 

Z eLP{nx{0,T);Wlf,), 

as for some A > 0, 

sup— E[/ exp{A|Z(t)|^i,4} di] < oo. 

T>0 J Jo 

Furthermore, 

zeLP(f7,L°°([o,r],i/;,,)). 

Due to Z eQ, we thus have Z is a. s. weakly continuous with values in H^^^. 

This lemma will be proved in Lemmas 16 . 21 and It) . 31 in Section]^ 

Definition 2.5 (energy martingale solution). Given /iq G Pr(^^), a prob- 
ability measure P on (f2,;B) is an energy martingale solution to equation (|l.lfl 
starting at /io if 

[El] P is a weak martingale solution starting at /xq, 

[E2] P[V £ ([0, oo); L%,) n LL([0, oo); gpl.)] = 1, 

^The process Z can be equivalently defined as 

Z{t,uj) = W{t,uj) + I Ae'^(*-')VK(s,a;)ds. 
Ja 

The process Z is defined, in some sense, path-wise and so versions of this process cannot be 
used. 
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[E3] there is a set Tp C (0, oo) of null Lebesgue measure such that for all 
s ^Tp and aU t> s, 

P[£tiV,Z)<£siV,Z)]^l, 

where V{t,uj) = ^{t,uj) — Z{t,LLj), for t > 0, and the energy functional £ is 
defined as 



£t{v, z) = 




Remark 2.6 (The equation for V). Let P be an energy martingale solution, then 
it is easy to see that, by definition, Mf ~ {W{t), (p) for all (p G V°° . Moreover, 

{Z{t),p)+ f {Z{s),p^,,,)ds = {W{t),ip), 
Jo 

and thus 

{V{t) - e(0), p)+ f {{V, ifi,^^^ + + {Z- {V^ + yj,,)) ds = 0, 

or, in other words, is a weak solution (i.e. in the sense of distributions) to the 
equation, 

^ ^xxxx ^ ^xx Zxx — [(^^ ^" \xx-i 

with initial condition F(0) — ^(0). 

Remark 2.7 (Finiteness of the energy). Given a energy martingale solution P, 
we aim to show that, under P, the energy ft is almost surely finite. Indeed, by 
[E2], it follows that V{t) is P-a. s. weakly continuous in L^^^ (see for example 
Lemma 3.1.4 of Temam ^^), and so the function |V^(i)|^2 is defined point-wise 
in the energy estimate. Similarly, the other terms are also P-a. s. finite by [E2] 
and the regularity properties of Z under P (Lemma 12.411 . 

Remark 2.8 (Measurability of the energy and equivalent formulations). This 
last remark is concerned with the measurability issues related to the energy 
inequality and with some equivalent formulations of property [E3] of the above 
definition. We first prove in the next lemma that property [E3] is quite strong 
and that, in a sense that will be clarified below, the energy inequality is an 
intrinsic property of the solution to the original problem and does not 

depend on the splitting V -\- Z . A similar result was proved in Romito |27| for 
the Navier-Stokes equations. We then show measurability of the energy balance 
functional and give some equivalent formulations of the energy inequality. 

Before stating the lemma, we introduce some notations. Let zq G Hper ^^i^ 
a > 0, and let Z = Za^zg be the solution to 

Z = -Zxxxx-aZ + 7^, Z{0)^zn. (2.4) 

The process Z is given by Z = Z+w, where w solves the (deterministic) problem 

w = -Wxxxx - aZ, w(0) = zq, (2.5) 
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and so it is well defined P-a. s., for every martingale solution P. Define suitably 

V = Va^zo as = ^ — Z, it follows that V — V = w and V solves 

XXX '^x) \xx- 

(2.6) 

The corresponding energy functional is given by 
Et{v,z)^\\v(t)\l.^ 

Jo 

and in particular f " — £f 

Lemma 2.9. Let P he an energy martingale solution, then for every zq G Hper 
and a > 0, 

P[£nV,Z)<£f{V,Z)] = l, (2.7) 

for almost every s > (including s — 0) and every t > s, where V, Z have been 
defined above. 

Proof. The proof works as in |27i Theorem 2.8] and we give just a sketch. Since 

V — V — w, it follows that 

\m\l. = \Vit)\l. + \w{t)\l. - 2{Vit),wit)}^., 

and, since by assumptions the energy inequality holds for V, it is sufficient to 
prove a balance equality for w and {V{t),w{t))]^2. Indeed, it is easy to show by 
regularisation that 

\\w{t)\l^+ {\w^.\l-+a{Z,w)L2)ds^]^\w{s)\l, (2.8) 

P-a. s. for all s > and t > s. We only need to show that for almost all s > 
and t > s, 

{V{t),w{t))L2-{V{s),w{s))L2 = (2.9) 
[{2{Vxx,Wxx)l'^ - {wx,Vx + Z^, )l2 + a{V, Z)l2 - {w^x, (Vx + Zx)'^)l2)] . 

We sketch the proof of the above formula. Since V G L°°(Lpg^) n L^(i/pg^), by 
Lemma lF31 it follows that V S L^{H~J^). Moreover, we know that zq e H^^j. and 

Zx £ and so it is easy to see (by writing the energy balance for |i(Ja;||2) that 
w € L^{H^), hence w G L^{H^^). By slightly adapting Lemma 1.2 of Temam 
|31[ §111], this implies that (y, 711)^2 is differentiable in time with derivative 
(y,w)H--i.H'i + {w,V)h-2^h^. Integration by parts then gives (|2.9fl . 

Finally, [E3], and together provide (|22I). □ 

Proposition 2.10. Given zq G -ffper o*^^ > 0, denote by V and Z the 
processes defined above corresponding to zq and a. Then the map {t,uj) £ 
[0, 00) X 57 1-^ £.^{V{lo), Z{u})) is progressively measurable and 
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(t) for all < s < t, the sets Es,t{zo,a) = {£j;'{V,Z) < £^{V,Z)} are 
Bt-measurable; 

(ii) for all t > 0, the sets 

Et{zo, a) = {£i{V, Z) < £^'{V, Z) for a. e. s < t (including Q)] 
are Bt-measurable; 
(Hi) the set 

E{zo, a) = Rn {£"(y, Z) < £'^{V, Z) for a.e. s > (incl. Q), all t > s} 
is B-measurable, where 

R^{Ze LtM^y^W^et). V e L^,([0,oo);L2^,)nLL([0,oo);i?2^J}. 

Moreover, given a energy martingale solution P , property [E3] is equivalent to 
each of the following: 

[E3a] There are zq £ H^^^ and a > such that for each t > Q there is a set 
T C (0, t] of null Lebesgue measure and P[Esj{zo, a)] = 1 for all s . 

[E3b] There are zq G H^^^, and a > such that for each t > 0, P[Et{zo, a)] — 1. 

[E3c] There are zq G Hper '^'^'^ a > such that P[E{zq, a)] — 1. 

Proof. Measurability of the map £°' follows from the semi-continuity properties 
of the various term of f " with respect to the topology of r2 (see also Lemma 2.1 
of FlandoU & Romito [El). 

The measurability of each Es,t{za,a) now follows easily from measurability 
of the map £". As it regards (ii), fix t > and notice that the Borel tr-algebra 
of the interval (0, t) is countably generated, so that if 7^ is a countable basis, 

Etizo,a)^Eo^t{zo,a)n f] { f lTis)i£^{V , Z) - £f{V ,Z)) ds < 0} 
TeTt 

and all sets {/J \T{s){£t{V, Z) - £f{V, Z)) ds < 0} are Bt-measurable by the 
measurability of f 

We next show (Hi). Let J C [0, oo) be a countable dense subset and define 

Rt = {Ze Lt,{[0,ty,W^^t), V e L^{Q,t-Ll,,)nL\Q,t;Hl,,)} 

(notice that the regularity of Z and V implies that of V and Z), then Rt G Bt 
and, by the lower semi-continuity of the various terms of £^{V, Z) — £f{V, Z) 
with respect to t, it follows that 

E{zo,a) = ^{RtJ^Et{zo,a)) 

is 6-measurable. The last statement of the lemma is now obvious from the 
above equalities, property [E2] and Lemma □ 
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3 Existence of Markov solutions 

This section is devoted to the existence of Markov solutions for equation Hl.l|l . 
We state the main theorem of this part. 

Theorem 3.1. There exists a family {Px)x&l^ of probability measures on 
B) such that for each x 6 L^^^, is a energy martingale solution with initial 
distribution 5x, and the a. s. Markov property holds: there is a set Tp C (0,oo) 
with null Lebesgue measure such that for all s ^ Tp, all t > s and all bounded 
measurable (j) : L^^^ R, 

In order to show the theorem, we use the method developed in Flandoli & 
Romito 2H| (cf- Theorem 2.8). Define for each x G Lp^^., 

C{x) = {P : P is a energy martingale solution starting at S^}- 

The proof boils down to show that the family (C{x))xeL^ is an a. s. pre-Markov 
family. We recall here the various properties that we need to show to prove the 
statement (see also Definition 2.5 of Flandoli & Romito |18j). 

1. Each C{x) is non-empty, compact and convex, and the map x — > C{x) 
is measurable with respect to the Borcl cr-fields of the space of compact 
subsets of Pr(ri) (endowed with the Hausdorff measure). 

2. For each x G L^^^ and all P e C{x), P[C{[0, oo); L^^^^)] = 1, where Lper.cr 
is the space L^^^ with the weak topology. 

3. For each x G Lp^^. and P G C{x) there is a set T C (0, oo) with null 
Lebesgue measure, such that for alH ^ T the following properties hold: 

(a) (disintegration) there exists N G Bt with P{N) — such that for all 
uj ^ N 

Luit) G Ll^, and P|g^ G ^tCiium 

(b) (reconstruction) for each Z5t-measurable map lu i~+ : Q Pr(r2*) 
such that there is iV G ^B* with P{N) = and for aU uj <^ N, 

w(<) G Ll^^ and G $tC(w(t)); 

then P(g)tQ e C{x). 

The validity of this statement is verified in the following lemmas. 

Lemma 3.2 (Continuity lemma). For each x G L^^^., the set C{x) is non- 
empty, convex and for all P G C{x), 

P[C([0,^);L^^,J = 1. 

Proof. Existence of weak martingale mild solutions is proved in Blomker & Gugg 
[3], using standard spectral Galerkin methods. This is similar to Lemma 13.31 

By Remark l2.3l this implies existence of weak martingale solutions according 
to Definition 12.21 In order to prove the energy inequality of Definition 12.51 one 
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can proceed as in the next lemma (where it is proved in a sHghtly more general 
situation). 

Next, it is easy to show that C{x) is convex, since all requirements of both 
Definitions 12 . 21 and 12 . 51 are linear with respect to measures P G C{x). Finally, if 
P G C{x), we know by Lemma lT^ that. under P, the process Z is weakly contin- 
uous. Moreover, by property [E2] of Definition 12.51 V is also weakly continuous 
and in conclusion C([0, oo);Lp^^^^) is a full set. □ 

Lemma 3.3 (Compactness lemma). For each x e L^g^^, the set C{x) is 
compact and the map x ^ C{x) is Borel measurable. 

Proof. Following Lemma 12.1.8 of Stroock & Varadhan jJUJ, it is sufficient 
to prove that for each sequence (a;n)nGN converging to x in and for each 
Pn G C{xn), the sequence (-Pn)rieN has a limit point P, with respect to weak 
convergence of measures, in C{x). 

Let x„ — > in L^g^ and let P„ S C(a;„). By Theorem 16. 71 {Pn)ne'N is tight 
on rinLfQg([0, oo);Hpgj.). Hence, up to a sub-sequence that we keep denoting by 
(-Pn)neN, it follows that P„ ^ P, for some P. It remains to show that P G C{x). 
Therefore, we verify all properties of Definitions 12 . 21 and 12.51 

We start by proving [W2] for P. Given (p G T>°° , we know that for each ?i G N 
the process {\Q^^'^ip\22 , Bt, Pn)t>o is a one-dimensional standard Brownian 
motion. Now, since P„ ^ P and is continuous (with respect to both lo and 
t), it follows that the law of Af^ under P is that of a one-dimensional standard 
Brownian motion. 

Property [W3] is obvious, since the marginals of P„ at time converge, by 
assumption, to both and the marginal of P at time 0, hence they coincide 
and P is started at 6x. 

In order to prove the other properties, we rely on tightness from Theorem 
16.71 with K — log(l -I- 1x1^2)", and use the classical Skorokhod theorem: there 
exist a probability space (I],JF, P) and random variables (/i^"\ z'^"^)„gN and 
(/i(°°\ z(°°))„gN such that each (/i^"), z^")) has the same law of (^, Z) under P„ 
(and similarly for {h^°°\ z^°°^)) and /i^") in fl n Lf^^{[0,ooy, H^) and 

^ z'^oo) L^(O^T-W^'^), P-a. s.. In particular, = - has the 
same law of V under P„ (and so is for = — z*^""^ and V under P). 

In order to prove [Wl], it is sufficient to show that 

1P[||^IIl2(o,T;H1) > K]^0 as t oo for aU T > 0. 

By (ini3), we know that E''[log(l + < Ct, so that Fatou's lemma 

implies a similar estimate for h^°"^ and Chebychev inequality gives the result. 

One can proceed similarly to prove [E2], using (|6.3|l and the fact that norms 
in L°°{0,T; L^) and in L^(Q,T; H^) are lower semi-continuous with respect to 
the topology where tj*^"^ — > v^°°\ 

In order to prove [E3], we show that property [E3a] (with zq — and a = 0) of 
Proposition 12 . 1 01 holds true. Fix t > 0. A first useful fact is that w*^"-' converges 
weakly in L^{0, t; H^) to v'^^'^. Indeed, we can use [E3], applied to each and 
the convergence of z^"^ to show that («*■"'■' )nGN is bounded in P^(0, i; H"^), P-a. s. 
(the bound follows from an inequality for each w*^"-' which can be obtained from 
the energy inequality as (|6.1(l in Lemma lO)|l . It follows then that 
L^(0, t; H^), since we already know that w*^"^ converges to in L^(0, t; H}^^^). 
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A second useful fact is that there is a nuU Lebesgue set S C (0, t] such that 
for all s ^ S, 

|w("')(s)|i2 \v'^°°\s)\l2 for a subsequence v^'''^] = 1. (3.1) 

Note that this does not imply a.s. convergence for a subsequence, as the subse- 
quence may depend on cr G S. 

To prove l^ll note that -> v^°^\ P-a. s. in L'^{0, t; L^^^), and so 

E'[log(l + - / - v'-^m2 ds)] 0. 

t Jo 

This follows from uniform bounds on higher moments from H6.3|) with k > 1. 
By Jensen inequality, 

E^[- riog(l + |i>(")-t'(°°)|i2)ds] <E'[log(l + i -^(""^li^ds)], 
Wo Wo 

and so there are a set S C (0, t] (notice that ^ S since we already know that 
^(")(0) v^°°\0)) and a subsequence u^" such that 

E'[log(l + \v^"'\s) - ^ for all s ^ S*. 

From this claim (|3.1|1 now easily follows, possibly by taking a further sub- 
sequence depending on ct £ S. 

We are now able to prove [E3a] for P (with zq = and a = 0). We know that 
for each n e N there is a null Lebesgue set r„ C (0, t] such that P[£'4(w'^"^ , z^")) < 
£-^(^(n)^ ^(n))] ^ fQj. g^ji g ^ r^^^_ Let T = SUlJ r„ and consider s ^ T. Since we 
know that («("), z(")) < £siv^"\ z^"^) holds P-a. s. for all n e N, by passing to 
the limit n ^ oo and using all the convergence information we have collected, 
it follows that P[£:f(?;(°°),z(°°)) < £s{v'^°°\ z(°°'>)] = 1. □ 

Before stating the next two lemmas (which contain the multi- valued form of 
the Markov property), we need to analyse what happens to processes W , Z and 
V under the action of the forward shift for a given u. First, given s > 
and zo G H^^^, denote by Z(t, ■|s,zo) the Ornstein-Uhlenbeck process starting 
in zo at time s, namely 

Z{t, -Is, zo) = e^(*-^)zo + E "fc / e(*-'^)^'=d/3fe(r)efc. 

In particular, we have that Z{t, -10,0) — Z{t,-). Set moreover V{t, -{s, zq) = 
^ — Z(t, ■|s,zo). Now, from [W2] and l|2.2|l it is easy to verify that, for all 

W{t, $;:^(t^)) = Wit + u,uj) -W{u,Lo), 
and it depends only on the values of lu in [u, u + t\. Similarly, 

Z{^u^{^),t\s,ZQ) = Z{uj,t + u, \s + u,zo), 
V{^-\lu), t\s, zo) = V{uj, t + u\s + u, zo). (3.2) 
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Lemma 3.4 (Disintegration lemma). For every x € L^g,. and P E C{x), 
there is a set T C (0, oo), with null Lebesgue measure, such that for all t ^ T 
there is N € Bt, with P[N] — 0, such that for all uj ^ N, 

uj{t) e Ll^^ and e <^tC{uj{t)). 

Proof. Fix X £ Lpgr and P S C(x), let Tp be the set of exceptional times of P, 
as given by [E3] of Definition 12.51 and fix m ^ Tp. Let (P|g^)(jgn be a regular 
conditional probability distribution of P given Bu. We aim to show that there 
is a P-nuU set N E Bu such that uj(u) £ L^^^ and P|^^ G $„C(a;(u)) for all 
oj ^ N. We shall find TV = iVpij U A^pq U TVpa], corresponding to bad sets for each 
property. 

We only prove [E2] and [E3] for the conditional distributions P|g , the proof 
of the other properties being entirely similar to Lemma 4.4 of Flandoli & Romito 
[TS| . We start by [E2]. We need to show that P|g^[V"(-, e 5'[o,oo)] 1 or, 

equivalently, by H3.2|l . that P\'^^[V{-,-\u,0) G 5[„_oo)] — 1; where we have set, 
for brevity, Sj = L'j^ci'^] L^^r) ^ Lf^d'^y ^per); for a-^y interval J C [0, oo). Set 

Su = {V e S[o,u] and e^*Z(u, •) e S[o,^)}, 

5" = {V^(-,>,0)e5[„,oo)}, (3.3) 

then 5„ G i3„ and 5" G S", since by definition F and Z are adapted. Moreover, 
since V{t + u,uj) = V{t + u,ui\u,0) — e^*Z(M,w), it follows from [E2] for P, 
Lemma 16.31 and the regularity properties of the semigroup e"** , that iS„ fl 5" is 
a P-fuU set and so, by disintegration, 

1 = p[Su n 5"] = ^ P|g^ [5"] P(dt^). 

Thus, there is a P-null set A^pq G S„ such that P|e„['5"] = 1 for all w A^pj]. 
We finally prove [E3c] (cf. ProDOsition l2 . 1 0(1 for the conditional probabilities. 

Set 

A = {StiV, Z) < EsiV, Z) for a.e. s > (including 0, u), all t > s} 
Au = {£t{V, Z) < SsiV, Z) for a.e. s G [0, u] (incl. 0, u), all t G [s, u]}, 

where, for the sake of simplicity, in the definitions of the above sets we have 
omitted the information on regularity for V and Z , which are essential to ensure 
measurability (compare with Proposition 12. . They can be treated as in the 
proof of [E2] above. We have Au G Bu and P[A] = P[Au] = 1, since u ^ Tp. 
Now, if ZU G Au n {Z G iJper} (which is again a P full set by Lemma [6.31) . set 

P(cJ) = A n : = ZZ) on [0, u]] 

and notice that, for such ZU, B{'Uj) is equal to 

{St{V-, Z-) < £s{V-, Z-) for a. e. s > w (incl. u), all t > s} 

since V{t + u,oj) = V{t + u,iu\u, Z{u, uj)) (a similar relation holds for Z as well), 
and we have set Vb-(-) — V{-\u, Z{u,ujj) and Z-[j{-) — Z(-|u, Z(w,ZZJ)). Moreover, 
the map 

^ ^A^n{zeHl„}{^)P\BjB{uj)] 
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is ;B„-measurable, since P\%jB{uj)] = P\%JA] for all ui e Au Ci {Z e H^^^}. 
Now, by [E3c] for P (with zq = and a = 0) and disintegration, 

and so there is iVpsj e Bu such that P|g [-B(aj)] = 1 for all uj ^ A^pj] or, in 
different words, such that [E3c] holds (with zq ~ Z(u,uj) and a — 0) for P|g 
for all UJ ^ iV[E3, . □ 

Lemma 3.5 (Reconstruction lemma). For every x e L^^^ and P G C(x), 
there is a set T C (0, oo), with null Lehesgue measure, such that for each t ^ T, 
for each Bt-measurable map to i~> Q,^ : f2 Pr(r2*) such that there is N ^ Bt, 
with P[N]^0, and for all lo ^ N , 

^(t) e iper and e $tC(w(i)), 

then P ®tQ & C{x). 

Proof. Let x S L"^^^, P G C{x), Tp be the set of exceptional times of P and 
fix M ^ Tp. Let {Qu:)uj^Q. be a Bu-nieasurable map and Nq a P-nuU set such 
that Lo{u) G Lpg^ and G $„C(a;(M)) for all w ^ A^g. In order to verify that 
P ^ti Q G C(x), we only check properties [E2] and [E3], since the proof of [El] 
can be carried on as in Flandoli & Romito fTS! Lemma 4.5]. 

We start by [E2]. Consider again sets Su G Bu and tS" G B"^ defined in 
and notice that, by [E2] for Q^, for each lo ^ Nq we have that = 
1. Moreover, by [E2] for P, Lemma 16.31 and the regularity properties of the 
semigroup e'^*, it follows that P[Su] = 1. Finally, since we know that V{t + 
u, uj) = V{t-^u,uj\u, 0)— e^*Z(M, w), it follows easily that 5„n5" = G S'[o,oo)} 
and so 

(P«>„Q)[1^g5[o,oo)] = (^«'«Q)['5„n5"] = / Q^[S'^]P{duj)^l. 

We next prove [E3]. Again, we prove it by means of [E3c], thanks to Propo- 
sition 12.101 Define A and A„ as in the proof of the previous lemma (the 
regularity conditions on Z and V are again omitted). Since u ^ Tp and 
Au G Bm we know that [P ®u Q)[Au] = P[Au] — 1- Moreover, by Lemma 
lO there is a P-nuU set N e Bu such that Z(m,w) G H^^^ for all uj ^ N . 
For each oJ ^ N, define B{uj) ~ A Ci {ui : cu = ZJ on [0,u]} and notice that, if 
UJ G Au n {N n NqY (which is again a B„-measurable (P ®„ Q)-full set), then 
by [E3c] (with zq = Z{u,uj) and a — 0) for it follows that Q^[P(ijj)] = 1. 
The map uj ^ l^^^n(A''nA''Q)<=('-^)'3i»j[^('^)] is then trivially ;B„-measurable and 
equal to 1, P-a. s.. Moreover, we have that (3cj[A] — Q^[B{uj)] — 1 for all 
UJ e Aun{N n NqY and so 

(P ®u Q)[A] = [l^„n(JVnJVQ)cQ.[i?(-)]] - P[Au n {N n Nq^] = 1. 
In conclusion, [E3c] (with zq — Q and a ~ 0) holds true for P Cg)„ Q. □ 

4 The strong Feller property 

Throughout this section we shall assume that the noise is non-degenerate. This 
is summarised by the following assumption. 
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Assumption 4.1. The operator Q 2 is bounded, where Q is the covariance of 
the noise. In different words, 

ak>S> 0, 

for some constant 6, where of. are the eigenvalues of Q. 

Theorem 4.2. Under the above assumption, any a. s. Markov family {Px)xeL^^^ 
of energy martingale solutions defines a Markov semigroup that has the H^- 
strong Feller property. 

Proof of Theorem \4-il\ We mainly rely on 18 and Let {Px)xeL'^ be an 

a. s. Markov family of energy martingale solution and denote by {Vt)t>o the 
corresponding (a. s.) semigroup generated by Px- Then the claim follows from 
the following lemma. 

Lemma 4.3. There is an e ^ e(|ft,|/fi , i?) — > for ft, — )■ such that 

\VMx + VMx)\ < C\h\Hi log(l/|/i|ffi) (4.1) 

for all \h\Hi < 1, all tp e L°°{H'^) with \ip\l-=^ < 1, and all \x\hi < i?/4 for 
some sufficiently large R. 

With this lemma at hand, we define for (p G L°°{H^) with \(p\l°° — 1 and h 
(i.e., e) sufficiently small (p^, — Vt-cf 6 L°°{H^) with |v5*|loo < 1. Thus 

\VMx + h)-VMx)\ < \P,Mx + h)-P,Mx)\<C\h\Hi\ogil/\h\Hi). (4.2) 

This implies strong Feller for Vt- □ 

Following the arguments of JS] and it is enough to prove strong Feller 
for the following regularised problem 

dtu^ -u^xxx + {-u + {u^f)^.^Xp{\u\Hi) + dtW (4.3) 

where Xp G is a cut-off function such that = 1 on [0, p^] and Xp = on 
[2/9^, 00). For all C > we have 

lxp(C)l<i, \4i0\ <Cp-', \xp{C')e\<Cpp, \x'XK''\<Cp'-'- 

Let pi'''' be the (unique) Markov energy martingale solution solution of the 
regularised problem (|4.3|l . This is well defined, as we can solve H4.;-{(l path- wise. 
The mild solution of H4.3|l is given by 

u{t) = e*^u(0) - / dle^'-^^'^F{u{T))dT + Z{t) (4.4) 
Jo 

where Z has been defined in H2.3() and 

F{u)^{-u+{u.,f)Xp{\u\l^). 
Using the embedding of into iJ^^+^T for 7 G (0, |), we can easily check that 

\F{u) - F{v)\H-i+i-, <Cp\u-v\hi and \F{u)\h-i+^-, < C{p + p"^). (4.5) 
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Now uniqueness for (|4.3|) in C''([0, oo), i/^g^) follows from standard path-wise 
fixed point arguments. The proof is straightforward as we can rely on one hand 
on F being Lipschitz and bounded, and on the other hand e*^ generates an 
analytic semigroup such that 

\e^^w\Hi <\w\hi and |a^e*'^w|Hi < M(l + t^"i)|w|^-i+4-y 

(see for example Henry [21] or Pazy Lunardi ,23)). 
Next, define 

Tp = mi{t > : the solution of 1)4. 8|l is bounded in on [0, t] by p} (4.6) 

Thus the solution of the regularised problem coincides with the energy solution 
up to Tp and in view of H4.1|l we have 

\VMx + h)-VMx)\ < 2{Px[Tp < e]+P,+h[Tp < e]) + \P^/^^{x + h)-ri_P^ip{x)\, 

(4.7) 

where P^^^ is the semigroup generated by (|4.3|) or (|4.4|l . respectively. 
In order to prove Lemma 14.31 we need the following two lemmas. 

Lemma 4.4. There is a p > 1 sufficiently large, such that for p > I and t < 1 

\p[''\{x + h)- P[''^v{x)\ < jlhlH-^e^'P" 

for all x,h E . 

Lemma 4.5. There is a small constant Ct depending on 7, and M such that 
for all p > 1, e £ (0, 1], uq such that \uq\hi < p/4 + 1, we have 

Puoirp >e]> Puo [ sup \Z{t)\Hi < p/4] 
te[o,e] 

for alle< 

Using arguments analogous to 19 Prop. 15] we immediately obtain 

Corollary 4.6. There are two constant c, C > depending on 7 and M such 
that for all p > 1, e (z (0, 1], uq such that |uo|^fi < p/i + I, we have 

for all e < CrP~'^^"' ■ 

Proof of Lemma \4.i!\ For h,x £ such that \x\ui < p/4 and |/i|^fi < 1, 
we can apply CoroUarv 14.61 for uq = x and uq ^ x + h. From (|4.7() together 
with Lemma f4.4l and the embedding of into H^^ for e < min{l, Ci-p"^/''}, 
p > max{4|a;|/fi , 1}, t < 1, 

\PMx + h) - PMx)\ <Ce-''P'/' +C\h\Hije''*p\ (4.8) 
Thus, if we fix for a suitable constant C > 

e = min <^ 1; - ,, , — r \ for some q > max{p, 2/7}, 
then we obtain 

\PMx + h)- Pe^{x)\ < C\h\Hi \nil/\h\Hi). 

□ 
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The remainder of the section is devoted to the proof of the two remaining 
lemmas. 

Proof of Lemma \4.5\ First from (|4.4|l for t < 1 

< \u{0)\hi +C f {t- s)t-1|F(w)|h-i+4. ds + \Z{t)\Hi 
Jo 

Thus from H4.5|l for t < min{l,Tp} and p>l 

\uit)U <p/^ + CT^pP^ + \Zit)U 

which easily implies the claim. □ 

Proof of Lemma \4-4\ We proceed analogous to the proof of 1181 Proposition 
5.12]. For every v g Hlen l^t u{t,v) be the solution to equations l|4.3|l with 
u{0, v) — V. By the Bismut, Elworthy & Li formula, 



Now Burkholder, Davis & Gundy inequality states 



E sup / {f{s),dW{s))L2 

t6[0,T] Jo 

and thus, for \lp\oo < 1, 

C 



<CEn \Q'^''fit)\hdt) 



p/2 



+ <T sup e[( / \Q-^Dhu{s,v + r,h)\l.ds) 



(4.9) 
(4.10) 



'?e[o,i] 

Now ip{t) — Diiu{t, V + rjh) with "0(0) ~ rjh solves 

dti' = -^xxxx + dlDF[u) 
with 

DF{um = -(^ + 2u,^,)xp{\u\l^) - 2{u + {u^f)x'p{\u\]J^){u, ^)h^. 

The following arguments are only formal, but as we are working with unique so- 
lutions they can all be made rigorous by Galerkin approximations. Multiplying 
(|4.1()(l with (■,■0)^-1 yields for p > 1 



1 



^M\l-^+\i>\]J^ < \DF{um\L^\4'\l 



< 



ciV'k- (IV'Ili + I"Ihi|V^Ihi)xp(|w|hi) 

+ C\iP\l--{\u\li + \u\jfi'jx'p{\u\Hi)\u\Hi\ip\m 



< CplV'IffilV'k-- 

where we used Holder, Sobolev embedding and the definition of the cut-off x- 
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Using Sobolev embedding of L°° into for some S > ^ together with 
interpolation and Young inequahty yields for some sufficiently large p > I and 
some constant c > 

First, by Gronwall Lemma 
and then 

Jo 

This together with (|4.9|l and the assumption on Q finishes the proof. □ 
4.1 Some consequences 

It is well known that the strong Feller property implies that the laws P(t, x, •) 
are mutually equivalent, for all x and t. A less obvious fact, which follows from 
Theorem 13 of Flandoli & Romito is that the same property holds between 
different selection. In details, if P(^^(t, a:,-) and •) are the Markov 

kernels associated to two different selections, then •) and P'-^^t^x,-) 

are mutually equivalent for all x and t. 

Before enumerating all other properties following from strong Feller, we need 
to show a technical result on the support of the measures P{t, x, •). Following 
Flandoli & Romito ^Sli we say that a Borel probability measure /i is fully 
supported on H^^^ if ^[A] > for every open set A in Hp^^. 

Proposition 4.7 (Support theorem). Under Assumption \4.1\ let {Px)xeL^ 
be an a. s. Markov family. For every x G H^^^ and T > the image measure of 
Px at time T is fully supported on H^^^ . 

Proof. The proof is rather technical but straightforward, we only give a sketch 
of it. To this purpose, we follow the same steps of Flandoli IT (see also Proposi- 
tion 6.1 of 18 ). It turns out that, since by Assumption l4. li the Wiener measure 
driving the equation is fully supported on suitable spaces, we only have to anal- 
yse the following control problem 

h + hxxxx^[-'hxx + {hi)xx]Xp + w, h{0)^x, (4.11) 

where w is the control. More precisely, we need to prove the following two 
statements. 

1. Given T > 0, there is A £ (0, 1) such that for p > 0, x e H^^^, y e H^^^ 
with \x\h'^ < Xp and |y|//i < Xp, there are w G Lip([0, T]; iJ^g^) and 
h G C([0,T];iJpigJ that solve (|nT|l with h{T) = y and Tp{w) > T, where 
Tp is defined as in (|4.6|l . 

2. Let Wn -> w in W''P{[0,T]; DiAl^)), with s G (|, 5), p > 1 such that sp > 
1 and /? G (| — s, — |). Let /i„, hhe the solutions to (14.11(1 corresponding 
to Wn, w and let t„ — Tp{wn) and r — Tp{w). If r > T, then t„ > T for 
sufhciently large n and ft,„ — > /i in C([0, T]; -ff^g^). 
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For the first claim, one uses (|4.4|) with w = to get a time T^, < T such that 
/i(T*) G H'^ and |/i(T*)|/ji < p (here we choose A, using the estimates on the 
semigroup e'^). Then h is given in [T^,T] by hnear interpolation from h{T^) to 
y and w in such a way that (|4.11|) is satisfied. 

For the second claim, s, p and /3 are chosen so that the Wiener measure corre- 
sponding to the random perturbation gives probability 1 to M^'''''([0, T]; D{Al^)) 
and the convergence of w„ implies that z„ — > z in C([0, T]; iJ^^^), where 2;„, z 
are the solutions to i = —Zxxxx + corresponding to Wn and w (this also gives 
a common bound to r„ and t, as in Lemma |4.5ll . From this, it is easy to see, 
by the mild formulation 1)4. 4|l . that hn ^ h. □ 

Proposition 4.8 (Local regularity). Let {Px)xeLl^^. be an a. s. Markov family 
and assume Assumption \4-. 1\ Then for each x G -ffpe^ '^'^'^ times t > 0, 

Px[there is e > such that ^ G C{{t - e,t + e);Hp^^)] = 1. 

Moreover, for each x £ Hper! of property [E3] is empty, that is the 

energy inequality holds for all times. 

Proof. Let {'Pt)t>Q be the transition semigroup defined by the given Markov 
family and set v = (1^*50) ds. Set moreover fla.b = {C G Ciiaib); H^)} and 
fit = [jrit-ct+e- We first observe that by H6.2|l . 



pmii ^p^ = PoU^sfff. >p]ds< 



C 



log(l + p) - 



where in particular the constant C depends on t (but it is increasing in t). Now, 
by the Markov property, for all p > 0, 

P[nt-e,t+e] = / Py[n,,3e]7rt-2eP{dy) > (, inf [f^e.Se]) (1 - , J , 

J |y|ffi<p iog(i + pj 

where tt^P is the marginal of P at time s. By Lemma 14.51 we know that 
inf|j^l^j<p Pj^[f2e^3e] t 1 as £ — > and in conclusion P[r2t] = 1. 

By disintegration, Px[^t] — 1 for z7-a. e. x, hence for a dense set of -ffper 
by Proposition 14.71 and in conclusion for all x £ Hper by the strong Feller 
property. □ 

The previous proposition and Theorem 6.7 of JHI (suitably adapted to this 
framework) improve our knowledge on the Markov property as follows. 

Corollary 4.9. Under Assumption \4.1\ "if {Px)xeLl^^ is an a. s. Markov family 
of solutions to 1)1. then iPx)x£Hl^^ 'is a Markov process. Namely 

EP^[^{^t)\Bs] = E^«^^ M^t^s)], Px - a.s., 
for all X e H^er' V G C'f)(-^per) °-'^d < s <t. 
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5 Existence and uniqueness of invariant mea- 
sures 



Existence of an invariant measure for is straightforward for trace-class 

noise, as one can rely on Ito formula applied to the energy balance given 



In this section wc prove existence of an invariant measure for more general 
noise (such as space time white noise) under the assumption (which will be valid 
for the whole section) that the equation has no linear instability, namely 



In order to take the linear instability into account, gauge functions have to be 
used, as in Blomker & Hairer 4 or Collet et al. ilSj,, Temam ,32^, but up to now 
this is quite technical and only applicable to Dirichlet or Neumann boundary 
conditions. For periodic boundary conditions this question is still open. 

Theorem 5.1. Let (Px)xeL'^^^ be any a. s. Markov family of energy martingale 
solutions to l|5.1(l . Then there exists an invariant measure for the transition 
semigroup associated to {Px)xeL^ with support contained in i?Jg,., for some 



that Za,- G W^'^, which is implied by Za^- G H^^n where Za^. is the process 
defined in H2.4|l . 

By the results of the previous section we can immediately conclude that the 
invariant measure is unique (via the strong Feller property and Doob's theorem) 
and that it is fully supported on H^^j. (by means of ProDOsition l4.7|l . 

Corollary 5.3. Under Assumption \4.1\ the invariant measure provided by The- 
orem JK7\ above is unique and fully supported on H^^^. 

So far we know that each Markov solution has its own unique invariant 
measure. In principle, these invariant measures come from different transition 
semigroups and do not need to be equal, even though they have something in 
common. For example, we know from jl91 Theorem 13] that they are mutually 
equivalent. At this stage, the problem of uniqueness of the invariant measure 
over all selection is open, as well as the well posedness of the martingale problem. 

5.1 The proof of Theorem 15.11 

Consider the family of measures of the Krylov-Bogoliubov method starting from 
the initial condition 0, 



^ Jo 

It is sufficient to prove compactness of (/iT)TeN in H'' . Thus we need that for 
all e > there is i? > such that 




(5.1) 





firU ■ \h-< > 2i?] < e. 



for aU T e N. 



(5.2) 
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First we consider V = S, — Z^^zq for any initial condition zq G H"' . As in Remark 
12.61 V satisfies for some a > 

and Z = Zq.^q is a solution of 

dZ + {aZ + Z,,,,) = dW, Z(0) = ZQ. 

Now we can bound 

Po[|e(s)|ff. > 2R] < Po[\V{s)\h-, + > 2R] 

<Po[\V{s)\h. > R]+Pa[\Z{s)\H. > R] 
<Po[\%.{s)\> R]+Pq[\Z{s)\h. >R]. 

Let Lp : [0, oo) — > M be a function, which we will determine at the end of the 
proof, such that </? is increasing, concave, with (^(r) f oo as r f oo, and for every 
a;, 2/ > 0, 

'p{x + y)<C + Lp{x) + log(y + 1) < C + Lp{x) + y. (5.3) 

Note that we are not able to bound moments or log-moments of V uniformly 
in time. All we can show is that the (p-moment is bounded uniformly in time^. 
Consider 



1 p 



^ / ^{\V,As)\l.)ds . (5.4) 



From the energy inequality we know that for all t and almost every to G [0,t], 



\Vit)\i2 + / \VUs)\i. ds < \Vito)\i. + C / \ZAs)\l,\V{s)\i. ds 

•Ito Jta 

+ C f\\ZAs)\l,+a^\Z{s)\l,)ds 

J to 

Let us fix some notation: 

ait) - C\Z,At)\l, b{t) - C(|Z,(t)|i. + a^\Z{t)\l,), 

where all moments of a and h are bounded by some constant and the initial 
condition Z{Q). Thus for alH > and almost all to G [0, t], 



\V{t)\i.+ \VU^)\i.ds<\V{to)\i.+ ia{.s)\V{s)\i.+bis))ds. (5.5) 

Jto Jto 

Using Poincare inequality (with constant A) it follows that 

\V{t)\h + - a{s))\V{s)\l. ds < \Vito)\h + f h{s) ds. (5.6) 



*0 ^0 



^Blomker & Hairer 4] give a diflferent proof of existence of an invariant measure, which 
relies on Galerkin approximations. Here we consider any solution to the equation, which in 
principle could not be a limit of such approximations, if the solutions are not unique. 
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We now compare V with some simpler one-dimensional equation. Let u{t) be 
the solution of 

u{t)+ f {X - a{s))u{s) ds ^ \z0\l2 + [ b{s)ds, 
Jo Jo 

namely, 

u'{t) + (A - ait))u{t) = u(0) = \z0\l2 . 

This is exactly the situation of the modified Gronwall Lemma 17.31 hence we 
derive |l^(i)|^2 < u(t) and thus also 



\V,x{s)\l2 ds < uiQ) + I {a{s)u{s) + b{s))ds 



<u{0)+ / {a^{s)+u4s)+b{s))ds, (5.7) 
Jo 

where u^(t) is the solution to the one-dimensional equation 

<(t) + (A - a,{t))u,it) = b,{t) (5.8) 

with 

a*(t) = 2a(i), b,{t) ^Cb^{t), w^O) = ^^(0). 

Note that, as 

{u^{t)y + 2(A - a{t))u'^{t) = 2u{t)b{t) < \u^{t) + Cb^{t), 

with a constant depending on A, we have by a comparison principle for ODEs 
that u'^{t) < u^t). 

Let us consider for notational simplicity only the case of integer T. From 
(El 



1 

TJo 



Po[\VUs)\h >R]< 



1 1 



T-1 
k=0 



fe+1 



\Vxx{s)\l2 ds) 



Thus we only need to bound these moments independently of k. The splitting 
in discrete time steps is necessary, in order to avoid suprema over [0,T], which 
usually give T log(r) terms. 
From 1)5. 5|l . 



fc+i 



\VxAs)\l2 ds<\V{k)\l2 + 



fe+1 



{a{s)\V{s)\l2+b{s))ds 



fe+1 



< sup \V{s)\l2+ {a\s)+b{s))ds + l. 
se[fc,fc+i] Jk 

We use the fact that the stochastic convolution is bounded in expectation by a 
constant plus the initial condition, i.e. E^°\Z{t)\P < C{1 + \zo\p) in H'f, and 
W^'^. We derive 

E^°[¥'(/ \VxAs)\hds)] KC + E""" ^{ sup ms)|i.) 

Jfe L sG[fe,fe+l] 

ffe+l 



{a^{s) + b{s) + l)ds 



<C+|zo|^i,4+E^°[^( sup \V{s)\l2)]. 

s£[k,k+l] 
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Thus 



<^1^(C+W\w^..+ sup E^«[v.( sup \V{s)\\.)\ 

) ^ k<T-l s£[k,k+l] 

As |V^(i)|^2 < u'^{t) < u^,{t), it is sufficient to show that there are a function ip 
with all the above specified properties and a constant C > such that 

E^«[(^( sup u^t))] < C 

t£[k,k+l] 

independently of k. Recall the choice ^(0) — 0, and thus V{0) = —zq in the 
Krylov-Bogoliubov scheme. From (|5.8(l . ^^(t) is given by 

u^t)^ /*e-^*("^+'^*('-»*'6,(s)ds + e-f=(-^+'^*('-»''n-zoli2. (5.9) 
Jo 

Recall the special shape of a, and 6,. By renaming constants, 

a,it) = C,\Z,it)\f„ Kit) < C,]Z,{t)\l,+C,a^\Z{t)\l2. 
Set moreover 

0(i ) = a I (i ) I ^4 + a I (i ) I i4 + a I ^ (t ) I i2 . 

As E^n[6'(t)] -> for a ^ 0, we choose a sufficiently large such that 
From H5.9|l 

u^t) < (l+a^) re^'(-^+^W)''-0(s)ds + e^o(-^+-.W)'f-|zo|4^ 
Jo 

= A(f + a^) f e^li-^+'^r))dr _^ e/o'(-A+a.(r)) dr|^^|4^ 

+ (f + a^) f c.^.'(-^+'^M) '^'■(-A + e{s)) ds 
Jo 

< A(f +a2) f cni-^+''^-))drds + {l + a^ + |zoli2)e/o 
Jo 

Denote by the function 



which is a solution of 

<, W + (A - e{t))u„{t) = 1, u,,(o) = 0. 
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Then 



ip{ sup < C + (^(A(1 + a^) sup 

te[fe,fc+i] te[fc,fc+i] 



+ log((l + «2 + |zo|4,)e/o(-W))rf^). 
Thus bounding the stochastic convolution 



PomAs)\l.> R]ds< 



|zo|^i,4 +supE^«[(^(A(l + a2) sup u^^t))]) . 



fcGN t£[k,k+l\ 

Let us now turn to bound u■^,<t, 



u.4t)< sup e/=(-t+''W)* / e-*^*-'^)^^ 
se[o,t] Jq 

2 /"* A 

<-exp[sup / + 6'(r))dr], 



s6[0,t] Js 

hence we need to bound 



supE^« 

fe>0 



(^(2(1 + Q;^)exp( sup sup / + e{r))dr)) 

te[k,k+i] se[o,t] J s 2 



* A 



< oo. 



But, as we have 

{-^ + e{r))dr< [-- + e{r))dr + -, 

we derive 

/"* A A /-fe+i ^ 

sup sup / ( \- 6{r)) dr < h sup / ( VO{r))dr 

tG[fe,fc+i] se[o,t] 2 2 se[o,fe+i]Js 2 

and thus we finally obtain for T e N, 

^ / p^ms)?H^ >R]ds< 

^ ^152T ^+l^o|^i.4+supE^«[</.(a.Aexp( sup / {--+e{r)) dr))] 

) ^ km se[0,fc+l] J s ^ 

Now we can use Lemma [5.51 to replace the OU-process in Q by the stationary 
process, thus obtaining a process Q. Furthermore, zq is replaced by Z(0). Note 
that {0(t)}(gR is now no longer defined on the same probability space as d. 
Thus the expectation also changes. Due to stationarity we have 



sup / (-^ + ^(r))dr sup / (-^ + 0(r))rfr 

se[o,fe+i] Js 2 se[-(fc+i),o] Js 2 

< sup / {--^d{r))dr 

sG(-oo.Ol J s 2 



stE( — oo.O] J s 

sup f\-^ + 9{r))dr. 



te[o,oo) Jo 
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Therefore, if we define the random variable 



X = 




te[o,oo) JQ 



we only have to prove that there exists a function {p as above such that 



Since X is finite with probability one by the ergodic theorem, such a Lp exists 
by Lemma lY. II The proof of Theorem 15. II is complete. 

Remark 5.4. In the previous proof, we were only able to bound some moment 
of Vxx , but using the trick of Debussche & Da Prato JI] , where a is allowed to 
be random, it is possible to bound arbitrary polynomial moments on bounded 
time intervals. 

Lemma 5.5. Let 6 > Q and let (j) be a positive map defined on the probability 
space f2. If for all zq 



where Za.zo is the Ornstein-Uhlenbeck process starting in zq, as defined in (|2.4|l . 
then 



where fiQjj is the law of the stationary Ornstein-Uhlenbeck process. 

The lemma is easily proved by averaging both sides with respect to zq with 
the stationary Ornstein-Uhlenbeck process and using Tonelli theorem. 

6 A priori estimates 

In this section we state all regularity results on processes Z and V. The first 
part contains the results on Z under an arbitrary weak martingale solution (from 
Definition 12. 2() . Similarly, the second part contains the results on V under an 
arbitrary energy martingale solution (from Definition 12. 5|) . 

6.1 Weak martingale solution 

Here we will present some lemmas on the regularity of Z without using equiva- 
lent versions, since our approach forces us to keep the canonical process. 

Lemma 6.1. Given a weak martingale solution P, then for every T > 0, 



Proof It is enough to verify that (Zx)'^ e L'^{Q. x {Q,T),L'^^^). From the defi- 
nition, we can write Z{t) as a complex Fourier series, such that 



m^ip{2{l + a^)e^)] < oo. 



S < E"^^ [0(Zq_2(,)] for Px-almost every e f2, 





Zx = Y.^' 



ikx 
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where Ik is a time dependent Gaussian real valued random variable with E^/^ < 
C\k\-^. Thus, < C|fc|-4, too. Now, 

neZ k=tO,n 

We derive 

- ^ ( ^ |fc||n-A:|) ' 

where we used Holder's inequality in the last step. It is an elementary exercise 
to check that the series in the last equation converges. Thus integration in time 
yields the result. □ 

Lemma 6.2. Let P he a weak martingale solution. Then for some A > there 
is a constant C such that 

i CK^{\\\Z^{t)\\\i]dt<CT forallT>0. 
Jo 

Thus, for some constant C depending only on q, p and T , 
sup ^E^||Z||^^(,„ J,, < oo and sup l-E^\\Z\\l^,,^ j,, < C. 

Proof. Using Lemma lO we know that ¥.^\\Z^{t)\\'li < C for aU t > 0. As 
Zx{t) is a Gaussian random variable in L"*, Ferniques theorem (see Da Prato & 
Zabczyk JHI) implies that 

supE-f'exp{A||Z:r(<)||i4} < oo, 
t>o 

for some A > 0. Thus 

^''\\Z\\l.([^,T],w-A) < C rEPeMM\ZAt)\\h}dt < CT, 

<J 

where the constant does not depend on T. The last claim follows from Holder 
inequality. □ 

The following lemma on the _L°°([0, oo), L^^^) -regularity is necessary to trans- 
fer weak continuity in from V to Z . Note, again, that we cannot prove con- 
tinuity of Z, as we are not using continuous versions of the canonical process 
Z. 

Lemma 6.3. Let P he a weak martingale solution. Then for 0<s<|,j3>l 
and T > 

ZeLP{n,L^i[0,T],H;,,)) 

and thus 

P[Zei°°([o,oo),i/p^,,)] = i. 

Due to Z ^ fl, we thus have Z is P-a.s. weakly continuous with values in H^^^. 
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Proof. Using the factorisation method (see Da Prato & Zabczyk ^1 Chapter 

5]), 



Jo 



with 

Y{t)= I e(^-^)^(r-s)-"dW^(s). 



We fix T > 0, a e (0, ^-g^) and to > ^ > |, and let the constants depend on 
them. Now using Holder's inequality, 

sup \Z{t)\H^<C sup / {t-Tr-^\Y{T)\Hsdr<c(f |r(T)|S. 
te[o,T] te[o,T]JQ ^Ja 

Thus using that Y is Gaussian, 

/ \ m/2 

sup \Z{t)\^.<C {¥.P\Y{T)\l.r'^dT<C[y^e'al\\k\'"^-^ 
te[o,T] Jo ^f,^-^ 

The last series converges, as a^. < C and ^ Taking T G N concludes 

the proof. □ 

6.2 Energy martingale solution 

This part is devoted to the proof of the tightness property for sequences of 
energy martingale solutions, essentially by means of bounds on the process V . 

Lemma 6.4. Let {Pn)ne'!Si be a family of energy Markov solutions. Then the 
sequence of laws ofV under Pn is tight in L^{0, T, H^^^), if and only if (P„)„eN 
is tight in L^(0, T, H^^^). 

The same result is true for any space in which Z is defined, for example 
C{0,T,H-t). 

Proof. We prove only one direction, the other one is the same. As hawz,n — 
Pn [Z E ■] is by Definition 12.21 and Lemma 16.31 the law of the stochastic con- 
volution in L^{[0,T], Hp^^) and thus independent of n. Hence, the family of 
measures (Lawz,n)neTSi is tight in i^([0, T], H^^^). Thus there is a compact sub- 
set C L2([o,T],i7pigJ with Pn[Z e K^,i] > 1- e. Furthermore, by the 
tightness of Pn[V G •], there is a compact set K^^2 C L'^{[0,T], H^^^) such that 
Pn[V €K,,2]>l-e. 

Define now the compact subset 

K^^3 = + I<e,2 = {u^Ui+U2\ Ui e K^^i}, 

then hy ^ — V + Z we have 

Pn [K,,3] >Pn[Ze K,,l, V e K,,2] > 1 " 2£, 

which concludes the proof. □ 
Lemma 6.5. Let P be an energy martingale solution. Then for all T > 

ll^«^llL2([o,T],_ffp-i) ^ C'II^IU2([o,T],//2)(l + \\V\\l=-{[0,T],L^)) + C||2'||l4([o,t],//i), 

P-almost surely, with constants independent of P. 
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Proof. From Remark 12. 61 wc know that for ip £ H^^^ with \^\h^ — 1 we have 

dt{v, ^) = -(v;, + V, ^,,) - ((y, + (^,,) 

Thus using the embedding of into H^^ and an interpolation inequahty, 
\dtV\H-- < |V;.|l2 + \V\l2 + \{V^ + Zx)'|li, 

< \V\„2+C\V\L2\V\H2+2\Z\l^. 

Integrating the square in time yields the result. □ 
Lemma 6.6. Let (Pri)neN be a family of energy martingale solutions. Define 

Y.{R) = {u : ||m||l~([o,t],l2) < R and \\u\\Lmo,T].H'') < R}- 
Suppose that Pn is started at a probability measure fj,n such that 

(log(|a;|i2 + 1))'^ firi{dx) < K, 



for all n G N and for some n > 0, then 

sup P„[V G m)] > 1 - 1 n^p^K - 

neN l0g(l+i?)'^ 

Proof. By property [E3], we have that, P„-almost surely, 



\vit)\h 







<\Vml-+ / i\V^\l2+2\V^\LAZ:.\LAV..\L^ + \Z,\lAV..\L^)dt 
Jo 

< \vmh + J^l\y^\h + c{i + \z^.\Tw\h + c\z,\i^ dt, 

where we have used the Sobolev embedding of H^^^ into L^^^^ interpolation. 
Young, and Poincare inequalities. Now from Gronwall's inequality it follows 
that, for all i e [0,r], 

\V{t)\l. + f \V,Ah < Ce''"^""«'^ao.-i.»'i.-)(|y(0)|i. + \\Z\\ 



L*{[0,T],W^-'^) 

. (^-^^ 

where the constants might depend on T. Applying (log(a: + 1))'' and using the 
inequality 



log(a; + y + lT < C(log(x + 1)'= + \og{y + 1)'") for x,y>0, 



leads to 



and 



sup \og{l + \Vit)\l,) 
te[o,T] 



log(l+ / \VUs)\l2ds) 



< C 



where the constant is independent of n. Now Chebychev inequality yields the 
result. □ 
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The main result of this section is: 



Theorem 6.7. Let (Pri)neN be a family of energy martingale solutions with 
each Pn starting in fin and 

/ [log{\x\ L2 +1)]'^ fin{dx) < K, forallneN, 

per 

for some k > and K > 0. Then {Pn)ne'N tight on fl D i^([0, oo), Hp^^). 

Furthermore, there is a constant depending only onT > 0, zq E , K > 0, 
and K > 0, such that 



log(l+ / \Us)\l2ds) <C, (6.2) 



log(l+ / |F,,(s)|i.ds)l%E^"[ sup log(l + |T/(t)|i.)]" <C^- (6.3) 

Jo ^ t6[0,T] 

Proof. For the bounds on logarithmic moments of V we use the bounds obtained 
at the end of the proof of the previous Lemma RTHI Using the bounds on Z from 
Lemma l6 . 31 yields the bound on logarithmic moments of ^. 

For the tightness of the law of V under P„ we use Lemmas 16.61 and 16.51 for 
the bound for dtV , together with the compact embeddings of H^{[Q,T], H~^^) 
into C([0, TlH-f) and of ^^([o, T], H^^^)nH^[0, T], i?-^) into ^^([o, T],H^^^) 
(see for example Temam 

For the tightness of P„ we use Lemma 16.41 on transfer of tightness in the 
spaces L\[0, oo), iJi^J and C([0, T],H-l). □ 



7 Some useful technical tools 

7.1 A suitable concave moment 

We aim to prove the following proposition. 

Proposition 7.1. Let X be a random variable with values in [0, oo). Then there 
is a concave and non- decreasing map (p : [0, oo) — + [0, oo) such that 4>{x) ] oo 
and 

E[(j){X)] < oo. 

Moreover, (f> can he chosen in such a way that for some constant C , 

(f){x -\- y) < (pix) + Cy, for all x,y E [0, oo). 

Remark 7.2. Notice that the last condition on (j) given in the proposition above 
can be replaced by 

0(x + 2/) < 0(x) + Clog(l + y) 

for some constant C > and for all x, y E [0, oo). Indeed, let (p be the 
map given by the proposition, then (l){x) — 95(log(l + x)) has exactly the same 
properties of ip and (f>{x + y) = iy9(log(l + x + yj) < (j){x) + Clog(l + y), since 
log(l + x + y)< log(l + x)+ log(l + y). 
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Figure 1: An example of the construction 



Proof. We first show that there is a non-decreasing continuous map u : [0, oo) — > 
[0, oo) such that u{0) = 0, u{x) t oo as a; ^ oo and E[u(X)] < oo. Choose a 
sequence (x„)„gN such that xq — 0, a;„ \ oo and 4"P[a;„ < X < — > 1. 
This can always been done, since X is a. s. finite. Now, let u be the piece-wise 
constant function that on each interval a;„+i) takes the value 2". We finally 
set u(t) = 7/0 — infs>o ds. 

Next, we show how to construct a map as in the statement of the propo- 
sition such that < 1 -l- M. Define the sequence (j/n)ragN as yo = and 
yn ~ maxjx G [0, 00) : u(x) = n}, for n > 1. The sequence (2/n)neN is in- 
creasing and ?/„ t 00. Define </> as <p{yo) — 0, (/)(yi) = 1, 

(/)(y„) = mm|n,0(y„_2) H (y™ - 2;«-2)|, 

and by linear interpolation for all other values of a; G [0, 00). In other words, at 
each point j/„ the map is defined as either the continuation of the line yn-2 — > 
yn-i or u{yn), depending on which is the smallest value. The construction is 
shown in the picture. All properties of 4> are apparent from the picture, we only 
show that 4>{yn) T 00. Let A = {n : (/)(y„) = n\. If A is infinite, we are done, 
otherwise, let N be the largest value in A, then for x > j/jv, 



N - (i){yN-i 
Vn - VN-l 

and (t>{x) t 00, since (I){xm-i) < N — 1 < N . □ 



= (p(yN-i) H (X - yN-i) 

Vn - yN-i 



7.2 A slight variation of Gronwall's lemma 

Here we give a detailed proof of the variation of Gronwall's lemma used in 
Section l5.ll The result is elementary and probably well known, it is given here 
only for the sake of completeness. The main differences are the following: we 
do not assume that the term a(-) is positive and the inequality holds only for a. 
e. time, but then it holds starting from arbitrary initial times. 

Proposition 7.3. Let a, b e L^{0,T), with b > and let u : [0,T] ^ R be 
a lower semi- continuous and positive function. Assume that there exists a set 
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S C (0, r] (thus, not containing 0) with null Lebesgue measure, such that for all 
s ^ S and all t £ [s, T], 

u(t) < u{s) + J a{r)u{r) dr + J b{r)dr. 

Then ^ 

u{T) < u{0) e^^ '^("^ + f b{s) e^^ "'■''^ ds. 
Jo 

Proof. We only need to prove the proposition if a(-) is piecewise constant. In- 
deed, if this claim is true and a e L^(0,T), there are piecewise constant func- 
tions a„ such that a„ — > a and without loss of generality we can assume 
that each a„ is constant on a finite number of intervals whose extreme points 
do not belong to S (but possibly for the last one). By the usual Gronwall's 
lemma we can deduce that u is bounded by some constant M. We then set 
bn{s) = b{s) + AI\a(s) — a„(s)|, and we apply the claim with a„ and b„. As 
n ^ oo, we recover the original statement. 

Assume then that a = X]fe=o Oftl-^k > where the intervals Jfc — [tk,tk+i), 
= to < ti < ■ ■ ■ < tn = T and to, ti, ... tn-i ^ S. If ak > 0, since tk G S, we 
know by the usual Gronwall's lemma and semi-continuity of u that 

uitk+i) < u{tk) e"'=(*''+i-*^) + [ "^^ b{s) e°'=(*'=+i-'') ds. 

Jtk 

If ak < 0, we reverse time as it is done in the proof of Theorem 5 of Flandoli & 
Romito '16' and we apply again Gronwall's lemma to get 

u{tk+i) < u(tk) e"'' + [ "^^ b{s) e"'=(*'=+i-'*) ds. 

It is then easy to prove by induction on fc < n that 

U{tk) < U{0) e^o" ^i-) ds ^ g/> a(r) dr 

"'0 

and in particular fc = n is exactly what we aimed to prove. □ 



References 

[1] A. L. Barabasi, H. E. Stanley, Fractal concepts in surface growth, 
Cambridge University Press, 1995. 

[2] D. Blomker, Nonhomogeneous noise and Q- Wiener processes on bounded 
domains, Stochastic Anal. Appl. 23 (2005), no. 2, 255-273. 

[3] D. Blomker, C. Gugg, Thin Elm growth models: On local solutions. 
Recent developments in stochastic analysis and related topics. World Sci- 
entific, Singapore. Proceedings of the first Sino-German conference on 
stochastic analysis, S. Albeverio, Z. M. Ma, M. Rockner (2004), 66-77. 

[4] D. Blomker, M. Hairer, Stationary solutions for a model of amorphous 
thin-film growth. Stochastic Anal. Appl. 22 (2004), no. 4, 903-922. 



31 



[5] D. Blomker, C. Gugg, On the existence of solutions for amorplious 
molecular beam epitaxy, Nonlinear Anal. Real World Appl. 3 (2002), no. 1, 
61-73. 



[6] D. Blomker, C. Gugg, M. Raible, Thin-film-growth models: roughness 
and correlation functions, European J. Appl. Math. 13 (2002), no. 4, 385- 
402. 

[7] M. Castro, R. Cuerno, L. Vazquez, R. Gago, Self-Organized Order- 
ing of Nanostructures Produced by Ion-Beam Sputtering, Phys. Rev. Lett. 
94 (2005), 016102. 

[8] R. Cuerno, A.-L. Barabasi Dynamic Scaling of Ion-Sputtered Surfaces, 
Phys. Rev. Lett. 74 (1995), 4746-474. 

[9] G. Da Prato, A. Debussche, Ergodicity for the 3D stochastic Navier- 
Stokes equations, J. Math. Pures Appl. (9) 82 (2003), no. 8, 877-947. 

[10] G. Da Prato, J. Zabczyk, Stochastic equations in infinite dimensions. 
Encyclopedia of Mathematics and its Applications, 44. Cambridge Univer- 
sity Press, Cambridge, 1992. 

[11] A. Debussche, G. Da Prato, m-dissipativity of Kolmogorov operators 
corresponding to Burgers equations with space-time white noise Preprint, 
2004. 

[12] A. Debussche, C. Odasso, Markov solutions for the 3d stochas- 
tic Navier-Stokes equations with state dependent noise, available at 
http : / / www . arxiv . org/ abs/math . AP/ 0512361 

[13] P. Collet, J. -P. Eckmann, H. Epstein, J. Stubbe A global attracting 
set for the Kuramoto-Sivashinsky equation, Commun. Math. Phys. 152 
(1993), no. 1, 203-214. 

[14] F. Flandoli, Irreducibility of the 3-D stochastic Navier-Stokes equation, 
J. Fund. Anal. 149 (1997), no. 1, 160-177. 

[15] F. Flandoli, An introduction to 3D stochastic fluid dynamics, to appear 
on the proceedings of the CIME course on SPDE in hydrodynamics: recent 
progress and prospects. Lecture Notes in Mathematics, Springer. Available 
on the web page of CIME at http : / /www. cime .unif i . it^ 

[16] F. Flandoli, M. Romito, Statistically stationary solutions to the 3-D 
Navier-Stokes equations do not show singularities. Electron. J. Probab. 6 
(2001), no. 5, 15 pp. (electronic). 

[17] F. Flandoli, M. Romito, Markov selections and their regularity for the 
three-dimensional stochastic Navier-Stokes equations, C. R. Math. Acad. 
Sci. Paris, Ser. I 343 (2006), 47-50. 

[18] F. Flandoli, M. Romito, Markov selections for the three-dimensional 
stochastic Navier-Stokes equations, available on the arX iv . org| preprint 
archive at jhttp : //www . arxiv . org/abs/math . PR/0602612| 



32 



F. Flandoli, M. Romito, Regularity of transition semigroups associ- 
ated to a 3D stochastic Navier-Stolces equation, available on (arXiv . org| at 
ihttp : //www . arxiv . org/abs/math . P R/0609317, 

T. Halpin-Healy, Y. C. Zhang, Kinetic roughening phenomena, 
stochastic growth, directed polymers and all that, Physics Reports, 254 
(1995), 215-414. 

D. Henry, Geometric theory of semilinear parabolic equations. Lecture 
Notes in Mathematics 840, Springer Verlag, 1981. 

N. V. Krylov, The selection of a Markov process from a Markov system 
of processes, and the construction of quasidiffusion processes (Russian), 
Izv. Akad. Nauk SSSR Ser. Mat. 37 (1973), 691-708. 

A. LuNARDi, Analytic semigroups and optimal regularity in parabolic 
problems, Birkhauser Verlag, Basel, 1995. 

A. Pazy Semigroups of linear operators and applications to partial differ- 
ential equations. Springer, New York, 1983. 

M. Raible, S. G. Mayr, S. J. Linz, M. Moske, P. Hanggi, 
K. Samwer, Amorphous thin film growth: Theory compared with ex- 
periment, Europhysics Letters, 50 (2000), 61-67. 

M. Raible, S. J. Linz, P. Hanggi, Amorphous thin film growth: Mini- 
mal deposition equation. Physical Review E, 62 (2000), 1691-1705. 

M. Romito Existence of martingale and stationary suitable weak solu- 
tions for a stochastic Navier-Stokes system, available on ^arXiv . org| at 
http : //www . arxiv . org/abs/math . PR/0609318, 

M. SiEGERT, M. Plischke, Solid-on-solid models of molecular-beam epi- 
taxy. Physical Review E, 50 (1994), 917-931. 

O. Stein, M. Winkler, Amorphous molecular beam epitaxy: global 
solutions and absorbing sets, to appear on European J. Appl. Math. 

D. W. Stroock, S. R. S. Varadhan, Multidimensional diffusion pro- 
cesses. Springer, Berlin, 1979. 

R. Temam, Navier-Stokes equations. Theory and numerical analysis. Stud- 
ies in Mathematics and its Applications, 2. North-Holland Publishing Co., 
Amsterdam, 1984. 

R. Temam, Infinite-dimensional dynamical systems in mechanics and 
physics. Applied Mathematical Sciences, 68. Springer- Verlag, New York, 
1988. 



33 



